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Abstract 

There are various objects in Analysis which cannot be studied 
with classical sheaf theory. To overcome this problem Kashiwara and 
Schapira introduced sheaves on subanalytic sites. In this paper we give 
a construction of conic sheaves on a subanalytic site and we extend the 
Fourier-Sato transform to this framework. Let E be a, n dimensional 
complex vector space and let E* be its dual. As an application we 
construct the conic sheaf Og + of tempered holomorphic functions and 
prove the isomorphism in the derived category O^V [n] — G%* ■ 
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Introduction 

Classical sheaf theory is not well suited to the study of various objects in 
Analysis, which are not defined by local properties. To overcome this prob- 
lem Kashiwara and Schapira in [H] developed the theory of ind-sheaves on 
a locally compact space and defined the six Grothendieck operations in this 
framework. For a real analytic manifold X, they defined the subanalytic site 
X sa as the site generated by the category of subanalytic open subsets and 
whose coverings are the locally finite coverings in X. Moreover they proved 
the equivalence between the categories of ind-R-constructible sheaves and 
sheaves on X sa . They constructed the sheaf of tempered distributions as a 
sheaf on X sa , and when X is a complex manifold they introduced the sheaf 
of tempered holomorphic functions. 

Thanks to the results of we have a direct construction of the six 
Grothendieck operations on Mod(kx sa ), without using the theory of ind- 
sheaves. So we will work directly with sheaves on subanalytic sites. Let X 
be a real analytic manifold endowed with an action of M + . We will first in- 
troduce the category of conic sheaves on X sa and show the equivalence with 
the category of sheaves on the conic subanalytic site associated to X. When 
X is a vector bundle (and the action of M + is the multiplication on the fibers) 
we extend the Fourier-Sato transform for classical sheaves to conic sheaves 
on subanalytic sites. Let E be a complex vector space. As an application 
we construct the conic sheaf O l E + of tempered holomorphic functions and 
prove that the Laplace isomorphism of [2j induces an isomorphism in the 
derived category O l P \n] ~ 0t, . 

In more details, the contents of this paper are as follows. 

In Section 1 we first recall the results of [B] and on sheaves on subana- 
lytic sites. Then we construct the category of conic sheaves on subanalytic 
sites. Let X be a real analytic manifold endowed with an action \x of M + , and 
let p : Ixl + — > X be the projection. We define the category of conic sheaves 
on X sa as the category of sheaves F on X sa satisfying /x _1 .F ~ p F, and we 
show that the six Grothendieck operations are well defined in this category. 
Then we show the equivalence with the category of sheaves on X sa r+ , whose 
objects are conic subanalytic open subsets and the topology is induced by 
X sa . Let E be a vector bundle over a real analytic manifold, conic sheaves 
on E sa can be viewed as filtrant inductive limits of conic R-constructible 
sheaves on E. Moreover we can define the Fourier-Sato transform which 
gives an equivalence between conic sheaves on E sa and conic sheaves on E* a , 
where E* denotes the dual vector bundle. 
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In Section 2 we study Laplace transform for tempered holomorphic func- 
tions. Let £ be a real vector space, and let E P be its projective com- 
pactification. In [Jj Kashiwara and Schapira set, for a conic M-constructible 
sheaf F on E 

THom(F,Z>& £ ) := T(P; {j x F,Vb P )), 

where {-,T>bp) denotes the Schwartz functor of (3j. Let U be a conic suban- 
alytic open subset of E. The correspondence U i— > THom(C[/, D&e) defines 
a conic sheaf on E sa , denoted by T>b% , whose sections are distributions 
which are tempered on the boundary of U and at infinity. When E is an 
n dimensional complex vector space we define the sheaf Ce r+ of tempered 
holomorphic functions by the Dolbeaut complex 

o _> vb% m I ■ ■ ■ I Vb l f> n) - 0. 

We show that this sheaf is invariant by the Laplace transform. In fact the 
Laplace isomorphism THom(F, Oe) THom(F A [n], Oe*) of |7| induces an 
isomorphism in the derived category of conic sheaves on E sa 

where A denotes the extension of the Fourier-Sato transform to conic sheaves 
on E sa . Moreover this isomorphism is linear over the Weyl algebra. 



1 Conic sheaves on subanalytic sites 

In the following X will be a real analytic manifold and k a field. Reference are 
made to jH] for a complete exposition on sheaves on Grothendieck topologies 
and to jH] and for an introduction to sheaves on subanalytic sites. We 
refer to j2] and jH] for the theory of subanalytic sets. 

1.1 Review on sheaves on subanalytic sites 

Let us recall some results of [Bj and 

Denote by Op sa (X) the category of subanalytic subsets of X. One en- 
dows Op sa (X) with the following topology: S C Op sa (X) is a covering of 
U £ Op sa (X) if for any compact K of X there exists a finite subset Sq C S 
such that K n Uves V = K f) U. We will call X sa the subanalytic site, 
and for U € Op(X sa ) we denote by U sa the category Op(X sa ) n U with the 
topology induced by X sa . 
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Let Mod(kx 3a ) denote the category of sheaves on X sa . Then Mod(kx 3a ) is 
a Grothendieck category, i.e. it admits a generator and small inductive limits, 
and small filtrant inductive limits are exact. In particular as a Grothendieck 
category, Mod(kx aa ) has enough injective objects. 

Let Mod]g_ c (fcx) be the abelian category of M-constructible sheaves on X, 
and consider its subcategory Modjjj_ c (/cx) consisting of sheaves whose sup- 
port is compact. 

We denote by p : X — > X sa the natural morphism of sites. We have 
functors 

p* 

Mod{k x ) P- 1 — Mod(fc Xsa ). 

P! 

The functors p _1 and are the functors of inverse image and direct image 
respectively. The sheaf p\F is the sheaf associated to the presheaf Op sa (X) 3 
U i — ► F(U). In particular, for U € Op(X) one has p\kjj ~ lim p*ky, where 

Vd<zu 

V € Op sa (X). Let us summarize the properties of these functors: 

• the functor p* is fully faithful and left exact, the restriction of p* to 
Mod]R_ c (fcx) is exact, 

• the functor p~ l is exact, 

• the functor p\ is fully faithful and exact, 

• (p~ 1 ,p*) and are pairs of adjoint functors. 

For each F € Mod(kx sa ), there exists a small filtrant inductive system 
{Fi}, with Fi G Mod|_ c (/cx), such that F ~ limp^Fj. Moreover let {Fj} be 

i 

a filtrant inductive system of fcx sa -modules and let G G Modj|_ c (A;x)- One 
has the isomorphism 

(1.1) Hom(p*G, limFj) ~ limHom(p >H G, Fj). 

i i 

Let X, Y" be two real analytic manifolds, and let / : X — > y be a real 
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analytic map. We have a commutative diagram 



(1.2) X^^Y 



p 



f 



We get external operations /* and fu, where the notation fu follows 
from the fact that fu o p* p* o f\ in general. If / is proper on supp(F) then 
f*F ~ fv.F, in this case fu commutes with p*. While functors f~ l and <S> are 
exact, the functors Horn, /* and fu are left exact and admits right derived 
functors. In particular the functor Rfu admits a right adjoint, denoted by 
f\ and we get the usual isomorphisms between Grothendieck operations 
(projection formula, base change formula, Kunneth formula, etc.) in the 
framework of subanalytic sites. Moreover Mod(/cx sa ) nas finite homological 
dimension, hence all the operations are well defined in the bounded derived 
category. We refer to |TT| for a detailed exposition. 

Finally we recall the relations between the six Grothendieck operations 
and the functors p -1 , Rp* and p\. 

• the functor p~ l commutes with (g>, f~ l and Rfu, 

• the functor Rp* commutes with RTiom, Rf* and /', 

• the functor p\ commutes with <S> and / , 

• if / is a topological submersion (i.e. it is locally isomorphic to a pro- 
jection Y x M. n — > Y), then f ~ f^ 1 8) fky commutes with p~ l and 
Rfu commutes with pi. 

1.2 Conic sheaves 

Let X be a real analytic manifold endowed with an analytic action p of M + . 
We have a diagram 

X — ^ 1x1+ ==£ X, 
p 

where j(x) = (x, 1) and p denotes the projection. We have poj = poj = id. 

Definition 1.2.1 A sheaf F on X sa is conic if there is an isomorphism 
9 : p~ 1 F ^ p~ 1 F, or equivalently p'F —> p F such that j~ 1 9 = id. 



5 



(i) We denote by Mod K + (kx sa ) the full abelian subcategory of Mod(k Xsa ) 
consisting of conic sheaves. 

(ii) We denote by D^ + (kx sa ) , where {( = +,& the subcategory of D$(kx sa ) 
consisting of objects F such that ffl(F) belongs to Mod K + (kx sa ) for 
all j G Z. 

Note that if 9 : pT l F ^> p~ 1 F exists and if j~ 1 6 = id, then 9 is unique. 

Proposition 1.2.2 Let F G D+ + (k Xsa ) and G G D+ + (k x ). Then p~ x F G 
D+ + (k x ) and Rp*G,p\G G D+ + (k Xsa ). 

Proof. It follows immediately from the fact that p~ l and p~ l commute 
with p~ l and p\, and that p' and p' commute with Rp*. 

□ 

Let X and Y be two analytic manifolds endowed with an action of M + . 
Assume that / : X — > Y is a conic morphism , i.e. an analytic map which 
commutes with the action of M + . We have a commutative diagram of mani- 
fold with cartesian squares: 



Y- 



V>Y 



Yx 



PY 



Y 



Proposition 1.2.3 Let f : X — > Y be a conic analytic map. 

(i) LetF£D+ + {k Xsa ). Thenf- l F,fF£D+ + {k Ysa ). 

(ii) Let G G D+ + (k Ysa ). Then Rf*G, RfuG G D+ + (k Xsa ). 

(Hi) Let F, G G D++ {k Xsa ) • T/ien F ® G G D+ + {k Xsa ) . 

(twj Le<F G rft + (A*J and G G D+ + (kx sa ) -Then RHom(F,G) G 
Proof. Assertions (i)-(iv) follow easily adapting Proposition 3.7.4 of [6j. 



□ 
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Definition 1.2.4 We say that a subset S of X is M + -connected if S (lb is 
connected or empty for each orbit b of fi. 

Definition 1.2.5 Let S be a subset of X . We set R+S = fi(S,R+). If U G 
Op(X), then R + U G Op(X) because is open. 

Proposition 1.2.6 LetU G Op(X sa ) be M + -connected and such that W + U G 
Op(X sa ). Then for F G D* + (kx sa ) we have a natural isomorphism 

RHom(k R+u , F) ^ RHom(/c l/ , F). 

Proof. Let us consider the restriction fj, : U x M + — > R + {7. Then // has 
contractible fibers and we have R^ii- l F ~ F. Then we have the chain of 
isomorphisms 

RHom(& R+t/ ,F) ~ RHom(/c R +; 7 ,i?^ i(i ^~ 1 F) 
~ RHom(/c M -i R +, 7 ,/i' 1 F) 
~ RHom(/c p -i l/ ,p _1 F) 
~ RHom(%,i?p^ 1 F) 
~ RHom(%,F). 



□ 

1.3 Sheaves on conic topologies 

Let X be a real analytic manifold endowed with an action \x of M + . In the 
following we shall assume the hypothesis below: 

(i) every U G Op c sa (X) has a finite covering consisting 
of Reconnected subanalytic open subsets; 
I (ii) for any U G Op c sa (X) we have R+U G Op sa (X); 
(iii) for any x G X the set M + x is contractible. 

Definition 1.3.1 We denote by Op R +(X) (resp. Op sa ^ L +{X)) the full sub- 
category of Op (X) consisting of conic (resp. conic subanalytic) subsets, i.e. 
U G Op R+ (X) (resp. U G Op sa , R+ (X)) ifU€ Op(X) (resp. U G Op sa (X)) 
and it is invariant by the action o/M + . 

We denote by X R + (resp. X SCI)R+ ) the category Op R +(X) (resp. Op sa ^+(X)) 
endowed with the topology induced by X (resp. X sa ). 
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We denote by /%+ : — > X sa R + the natural morphism of sites. 
Let r] : X — > X R + and T] sa : X sa — > X saV + be the natural morphisms of 
sites. We have a commutative diagram of sites 



X 



x s 



Xm 



PR+ 



llsa 



X 



sa,R+ 



By Theorem lA. 1.31 the functor rf 1 : Mod(/cx R+ ! 
valence of categories. 



Mod R +(/cx) is an equi- 



Definition 1.3.2 Let U G Op(X K +). We say that U is relatively quasi- 
compact if, for any covering {Ui}i<zi of X^+, there exists J C I finite such 
that U C U i6 j Ui. 

We will call Op c (X K +) the subcategory of Op(X R +) consisting of relatively 
quasi-compact open subsets. One can check easily that if U G Op c (X), then 
R+C/e Op c (X K+ ). 



Definition 1.3.3 Let F G Mod(/cx E+ ) and consider the family Op sa $+{X). 

(i) F is X sa ^+ -finite if there exists an epimorphism G -» F with G ~ 
®ieikui, L finite and U G Op c (X sa M +). 

(ii) F is X sa ^+ -pseudo-coherent if for any morphism if} : G — > F where 
G ~ ®i£iku i; with I finite and Ui G Op°(X sa - K +), kextp is X sa ^+- 
finite. 

(Hi) F is X saK + -coherent if it is both X sa ^+ -finite and X saK + -pseudo- 
coherent. 

We will call Coh(X sa R +) the subcategory of Mod(kx R+ ) consisting of X sa ^+- 
coherent objects. 

Let F G Mod(kx sa m+ )■ By a result of there exists an inductive system 
{-Fi}, with Fi G Coh(X saK +) such that F ~ limpjg+^Fj. For each U G 

i 

Op c (X sa IR +) one has the isomorphism 

(1.4) Hom fex (ku, limFj) ~ limHom fcY (%, Fi). 

Moreover the functor is fully faithful and exact on Coh(X sa K +). 
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Lemma 1.3.4 Let F G Coh(X sa R +). Then rj s ^p R +^F ~ p*r] 1 F. 

Proof. Since all these functors are exact on Coh(X sa - R +), we are reduced 
to the case F = ku with U G Op c (X sa ^+). Then we have 

V7aPR+* k U - V7a k U - k U , 

on the other hand we have 
and the result follows. 

□ 

Let U G Op(X sa ) such that M. + U is still subanalytic. Let ip be the natural 
map from T(R + U;F) to Y{U;r}J^F) defined by 

F(R+U;F) -> r(M+C/; W r/- 1 F) 
(1.5) ^ r(R+U; V £F) 

T{U-^F). 

Proposition 1.3.5 Let F be a sheaf over X saR +. Zef J7 G Op{X sa ) wrf/i 
G Op{X sa ) and assume that U is R + -connected. Then the morphism <p 
defined by l|1.5|l is an isomorphism. 

Proof. First let us suppose U G Op c (X sa ). Let F = hmp^+^Fj, with 

i 

Fi G Coh(X saR +). We have the chain of isomorphisms 

Kom kXaa (ku,v7a^Pu+* F i) - Hom^J^Jhnp^" 1 ^) 

i i 

~ lim Homfc Y (k u ,r]~ 1 Fi) 

i 

~ limHom fcxR+ (k R+u ,Fi) 
i 

- Hom fcx , (&r+ 1/ , limp R + „ ) , 

i 

where the third isomorphism follows from Proposition IA.1.T1 In the fourth 
isomorphism we used the fact that R + U G Op c (X saK +) and (| 1 -4|) - 

If U is not relatively compact, let {Vi}i & i G Cov(X sa ) consisting of Un- 
connected relatively compact subsets. We have 

T(U; 7]^F) ~ limr(C7 n j^F) ~ limr(IR + ([/ n V-); F) ~ F(R+U; F). 

i i 
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□ 



Corollary 1.3.6 Let F G Mod{kx sa R+ )• Then T} sa *%a F ~ F, and the 
functor r?" 1 : Mod(fcx aaR+ ) -» Mod(fc Xs J is /uHj/ faithful. 

Proof. For any U G Op(X saR +) we have: 

r(U; V sa*v7a l F) * Wl VsaF) - T(U; F) 
where the second isomorphisms follows from the preceding Proposition. 

□ 

Let us consider the category Mod R +(fex sa ) of conic sheaves on X sa . The 
restriction of rj sm induces a functor denoted by rj sa * and we obtain a diagram 



(1.6) Mod R+ (fc Xs J: , ^ ' Modjk 




1 A 



a,m+ ' 



Mod{k Xsa 



Theorem 1.3.7 The functors r/ so * and r) S( ~ in (|l,6j) are equivalences of ca- 
tegories inverse to each others. 

Proof, (i) Let F G Mod K + (kx sa ) , and let C/ G Op c (X sa ) be Reconnected. 
We have 

T(U;F) ~ T(IR + C/;F) ~ r(M + tf; r/ so „F) ~ r(C7; V sa%a*F). 

The first isomorphism follows from Proposition 11.2.61 and the third one fol- 
lows from Proposition II .3.51 Then 1)1. ■'-![! (i) implies rj~^rj sa ^ ~ id. 
(ii) By Corollary 11.3.61 we have f] S a*Vs „ - id. 

□ 

Corollary 1.3.8 Lei F G Mod K +(/cx sa )- 27ien there exists an inductive 
system {Fj}, with Fj G Coh(X saR +) such that F ~ lim /o^r/ -1 ^. 

i 

Proof. Let F G Mod K +(k Xsa ). Then there exist F' G Mod(fcx saM+ ) such 

that r/" 1 F' ~ F. We have F' ~ limp R +^F with F G Coh(X sa M +). Then 

i 



where the second isomorphism follows from Lemma ll.3.41 

□ 
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1.4 Conic sheaves on vector bundles 

Let E — » Z be a real vector bundle, with dimension n over a real analytic 
manifold Z. Then R + acts naturally on E by multiplication on the fibers. 
We identify Z as the zero-section of E and denote i : Z ^ E the embedding. 

We set E = E \ Z. 

Lemma 1.4.1 Let U € Op c (£' sa ). There exists a finite covering {V^}j g / € 
Cov(U sa ) with Vi £ Op c (E sa ) such that Vi is R + -connected for each i G I. 

Proof, (a) First let us consider the case Z = {pi}, i.e. E = R n . 

(i) Let us suppose that ^ U. We consider the morphism of manifolds 

ip : S"- 1 xl ^ R" 

(i?,r) i— » H(i9), 

where i : S n_1 w R n is the embedding. Then p> is proper and subanalytic. 
The subset p _1 (l7) n (S n_1 x R + ) is subanalytic and relatively compact in 
S n_1 x R, then there exists a finite cylindrical cell decomposition (see ^3] 
for details) with respect to the projection on S™ -1 . For any cell S of the 
decomposition, let Vg be the union of cells whose closure contains S, then 
Vs is an open subanalytic subset with connected fibers. Since <p is proper, 
then <p(Vs) is an open subanalytic Reconnected subset of R n for each S. 

(ii) Let us suppose that 6 U . There exists e £ R + such that B(0, e) C U, 
where B(0,e) denotes the open ball. Then £ U' = U\B(0,e/2). By (i) 
there exists a finite covering of U' consisting of Reconnected suba- 
nalytic open subsets, and B(0, e) U \J ieI V- = U. 

(b) Now let Z be a real analytic manifold. Let {VjjjgN be a locally finite 
covering of Z with V t € Op c {Z sa ) such that r -1 ^)^ R m x R n and let {17*} 
be a refinement of {V*} with U% £ Op c (Z sa ) and Ui C Vi for each i. Then 
C7 is covered by a finite number of t (Ui) and U n r _1 ([/j) is relatively 
compact in r _1 (Vi) for each i. We may reduce to the case E ~ R m x R n . 
Let us consider the morphism of manifolds 

^ ■ R m x S™- 1 x R -> R m x R n 
(z, i?, r) i — > (z,ri($)), 

where i : S™" 1 R n denotes the embedding. Then the proof is similar to 
that of (a). 

□ 
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It follows that the category Op saR +(F) satisfies (|1,3|) (i). By Proposition 
8.3.8 of jS] it also satisfies l|1.3|l (ii). Moreover (| 1 . 3|) (iii) is clearly satisfied. 
Then by Theorem II .3.71 the categories M.od^+(kE sa ) and Mod(kE sa + ) are 
equivalent. 

Let Mod]R_ c (/c£;) be the abelian category of M-constructible sheaves on F, 
and consider its subcategory Modjj_ c (feE) consisting of sheaves whose support 
is compact on the base (i.e. r(supp(F)) is compact in Z). 

Let us consider the natural map r\ : E — > F R +. The restriction of r/ _1 to 
Coh(£ , sa K +) gives rise to a functor 

(1.7) rj- 1 : Coh(F S(liM+ ) -> Mod£ C)R+ (Ar B ) 

Since the functor t? -1 is fully faithful and exact, we identify Coh(F saK +) 
as a subcategory of Modg_ c R+ (kg). 

Proposition 1.4.2 The functor rj -1 in 1|1.7|) is an equivalence of categories. 

Proof, (i) Let F E Mod Rc K+ (&e). Let us show that F is E sa ^+ -finite. It is 
well known that if X is a real analytic manifold and F £ Mod R _ c (&x), then 
F is quasi-isomorphic to a bounded complex of finite sums (Bwkw, where 

Let us consider the diagram Z E — » Z, where i is the embedding of the 
zero section. We have 

F G Mod R +{k E ) i~*F ~ r*F 5 
F G Mod K b c (^) => r x F G Mod|_ c (A; z ). 

Then we have an exact sequence 

®izlkvi ->• r*F -> 0, 

where I is finite and Vi G Op^ a (Z). Applying the exact functor r _1 we 
obtain the exact sequence 

(1-8) ®ielK-W t -» r-V.F -» 0, 

j ' TV 

Now let us consider the diagram 5 > F — ► S, where S = F/R + and 7r is 
the projection. We have 

F G Mod M+ (/^) => F^ G Mod R _ C)K+ (fc^), 
F G Mod|"_ c (^) => r 1 ^!^ G Mod K _ c (%). 
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Then we have an exact sequence 

(Bjejku, -» j~ l F\^ -> 0, 

where J is finite and Uj G Op^S 1 ). Since F| . is conic 7r j ~ ^l^ - 

Applying the exact functor 7r _1 we obtain the exact sequence 

(1.9) ®ok R+u . -» F. 0. 

By adjunction we obtain a morphism 

We shall show that cp is an epimorphism. Let W be a conic open subset of E. 
Then W = T- l VUM+U, with V G Op(Z) and U G Op(5). Let s G r(W;F) 
and consider the restrictions s± = s| r -iy G r(r _1 F;F) = I^t -1 !^; t^V^F) 
and S2 = s|r+c/ G r(R + C/; F) = r(R + t/;F.). We have an epimorphism 
t~ x t*F ®F . -» F, and we obtain the result by (TQ|l and (jOty . 

(ii) Let us show that F is £ 8 „u+ -pseudo-coherent. Let G = ffiief&Wi, with 
/ finite and W% G Op c (E sa ^+), and consider a morphism tp : G — > F. Since 
F and G are M-constructible and conic, then ker ■0 belongs to Mod H _ C) K+(fc_E;) ) 
and its support is still compact on the base. 

□ 

Corollary 1.4.3 Let F G Mod K + (/ce S[1 ) . Then there exists a small filtrant 
inductive system {Fj}, with F, G Modjj^ K+ smc/i i/iai F ~ limp^Fj. 

i 

Proof. It follows from Corollary II .H.8I 

□ 

Lemma 1.4.4 Let F G D^ + (k Esa ). Then: 
(i) Rt*F ~ r*F. 
fiij RtuF ~ i ! F. 

Proof, (i) The adjunction morphism defines Rt*F ~ i t Rt*F — > i~ 1 F. 
Let V G Op c (Z sa ). Then 

limi? fc r(C/;F) ~ lim R k T(U;F) ~ i? fe r(T _1 (y); F) ~ i? fe r(F; i?r*F), 

r(E/)=V 
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where U G Op(X sa ) and Reconnected. The second isomorphism follows 
from Proposition 11.2.61 

(ii) The adjunction morphism defines i'F — ► vt Rt\\F ~ Rt\\F. Let 
V G Op c (Z sa ), and let K be a compact subanalytic Reconnected neigh- 
borhood of V in E. Then r (V) \ K is M + -connected and subanalytic, and 
M + (t -1 (V)\.K') = r _1 (y)\Z. By Proposition ll.2.6l we have the isomorphism 
RT{t- 1 {V)-RT z F) ~ ^(r-^F);^^). 

It follows from the definition of i?Tn that for any fc G Z and V G Op c (Z sa ) 
we have _R fc r(V, Rt\\F) ~ lim i? fc r(T~ 1 (V"); RT^F), where if ranges through 

the family of compact subanalytic M + -connected subsets of .E. 

On the other hand for any fceZwe have it! fc r(y; i'F) ~ it^Hom^Av, F) ~ 
^Hom^rV- 1 ^, F) ~ ^(r-^F),^^) and the result follows. 

□ 

Corollary 1.4.5 The functors Rt* and Rtu commutes with Rp*, p^ 1 and 
P\- 

Proof. The functor Rt* commutes with p~ l and Rp*. By Lemma Tl. 4. 41 (i) 
it commutes with p\ as well. 

The functor Rt\\ commutes with p^ 1 . Since r is a projection, then it 
commutes with p\. It commutes with Rp* by Lemma Tl. 4. 41 (ii). 

□ 

1.5 Fourier-Sato transformation 

Let E —>■ Z be a real vector bundle, with dimension n over a real analytic 
manifold Z and E* —* Z its dual. We identify Z as the zero-section of E 
and denote i : Z <— > £" the embedding, we define similarly i : Z ^ E* . We 
denote by pi and p2 the projections from E x E*: 



Ex E* 
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We set 

P:={(x,y)eExE*,{x,y) > 0} 
z 

P':={(x,y) eExE*,(x,y) < 0} 
z 

and we define the functors 

<J>p/ = i?P2!! ° (')-P' °? , r 1 
= iip2* ° KTp o p^ 1 
, <£p = Rpi\\ o (-)p/ op 2 

Lemma 1.5.1 Let F G Z^+^J. T/ien supp((i?r P (j95" 1 F)) P /) is con- 

tained in Z x E* . 

z 

Proof. We may reduce to the case F G Mod R + (&p sa ). Then F = lim p^Fj, 

j 

with Fi G Mod^ 6 CjR+ (A; E ). We have 

H k {RT P {p^\\m Pif F t ) P ,) ~ lim^F^iirp^ 1 ^)^) 

i i 

~ lim^( J ff fc (i?rp(pr 1 F)p'))zx^, 
~T z 

where the last isomorphism follows from Lemma 3.7.6 of j^]. 

□ 

Lemma 1.5.2 Zet A and B be two closed subanalytic subsets of E such that 
A U B = E, and let F G D b {k Esa ). Then RT A {F B ) ~ (M^Fjp. 

Proof. We have a natural arrow (TaF)b — > ^(Fp), and F(r^F)p ~ 
(i?r j 4F)p since (-)p is exact. Then we obtain a morphism (RTaF)b — > 
Fr^(Fp). It is enough to prove that for any k G Z and for any F G 
ModjR+ {kE sa ) we have (i? fc I\4F)p — > it^r^Fp). Since both sides commute 
with lim, we may assume F G Modjjj_ c (A;p). Then the result follows from the 
corresponding one for sheaves. 

□ 
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Proposition 1.5.3 The two functors $p/,\&p : Dt + (k Esa ) — > -D^ + (£;Ej a ) 
are isomorphic. 

Proof. We have the chain of isomorphisms: 

$p/F = Rp 2 \\(pi l F) P i 

~ Rp 2 uRTp{{ P ^ 1 F)p l ) 

~ Rp 2 »{RYpfc 1 F)) pi 

~ Rp 2 *{RT P (p^ 1 F))p l 

~ Rp 2 *RTp(pl x F). 

The first isomorphism follows from Lemma 11.4.41 (ii). the second one from 
Lemma fl.5.2| the third one from Lemma ll . 5 . II and the last one from Lemma 

map). 

□ 

Definition 1.5.4 Let F G D b w+ {k Esa ). 
(i) The Fourier-Sato transform is the functor 

(0 A : dU^eJ - D b R+ (k E *J 
F A = <& P ,F ~ $ P F. 
(ii) T/ie inverse Fourier-Sato transform is the functor 

(•) v :D b M+ (k E *J^D b u+ (k E J 
F v = ^> P ,F ~ 

It follows from definition that the functors A and v commute with Rp*. 
This implies that the restriction of these functors to classical conic sheaves 
are the classical Fourier-Sato and inverse Fourier-Sato transforms. 

Theorem 1.5.5 The functors A and v are equivalence of categories, inverse 
to each others. In particular we have 
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Proof. Let F G D^ + (k Esa ). The functors A and v are adjoint functors, then 
we have a morphism F — > F AV . To show that it induces an isomorphism it is 
enough to check that RT(U ; F) — > RT(U ; F AV ) is an isomorphism on a basis 
for the topology of E sa . Hence we may assume that U is M + -connected. By 
Proposition II .2.fil we may suppose that U is an open subanalytic cone of E. 
we have the chain of isomorphisms: 

RHom(A; C 7,F AV ) = RHom(%, ^ P ,<$> P ,F) 
~ KRom^piku^piF) 
~ RHom(<3?p/£;c/, fpF) 
~ RHom(<I>p$p/%, F) 
~ RHom(%,F), 

where the last isomorphism follows from Theorem 3.7.9 of |H| and from the 
fact that the functors A and v commute with Rp*. Similarly we can show 
that for G 6 D^ + (kE* a ) we have an isomorphism G VA — > G. 

□ 

Corollary 1.5.6 The functors A anc? v commute with p~ l and p\. 
Proof. It follows immediately by adjunction. 

□ 

2 Laplace transform 

As an application of the preceding constructions we introduce the conic sheaf 
of temperate holomorphic functions. We refer to for the definition of the 
functor of temperate cohomology and to [I] for the action of the Laplace 
transform on the temperate cohomology. 

2.1 Review on temperate cohomology 

From now on, the base sheaf is C. Let M be a real analytic manifold. One 
denotes by Vhu the sheaf of Schwartz's distributions, and by T>m the sheaf of 
finite order differential operators with analytic coefficients. In jl] the author 
defined the functor 

(;Vb M ) : Mod R _ c (C M ) -» Mod(P M ) 
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in the following way: let U be a subanalytic subset of M and Z = M \ U. 
Then the sheaf (C[/,"D6m) is defined by the exact sequence 

-> T Z P6 M -> P6 M -> (C v ,Vb M ) -> o. 

This functor is exact and extends as functor in the derived category, from 
d r- c ( C m) to D b (V M ). Moreover the sheaf (F,Vb M ) is soft for any R- 
constructible sheaf F. 

Now let X be a complex manifold, X R the underlying real analytic man- 
ifold and X the complex conjugate manifold. The product X x X is a com- 
plexification of X R by the diagonal embedding X R mIxI, One denotes 
by Ox the sheaf of holomorphic functions and by T>x the sheaf of finite order 
differential operators with holomorphic coefficients. For F € D^_ c (Cx) one 
sets 

(F, Ox) = RHom^iOx, (F, Vb x u)), 
and this functor is called the functor of temperate cohomology. 

2.2 The Weyl algebra 

Let E be complex vector space of finite dimension n. Let us denote by O(E) 
the polynomial ring on E. We denote by D(E) the Weyl algebra on E, that 
is, the ring of differential operators with coefficient in O(E). 

The Fourier transform A : D(E) — > D(E*) and the inverse Fourier trans- 
form V : D(E*) — > D(-E) induce isomorphisms which are defined as follows: 
let (zi, . . . , z n ) and (Ci, • • • , Cn) be two systems of coordinates in E and E* 
respectively. We have 

Zi = 9q and d£. = &. 

On the other hand we have 

-Zi = and 9 2i = C, y - 

Let us consider the subanalytic site E sa . We denote by D(E sa ) (resp. 
0(E sa )) the constant sheaf on E sa associated to D(E) (resp. 0{Ey). We 
denote by Mod(D(E sa )) the category of D(.E sa )-modules. 

2.3 The sheaf Vb% 

Let £ be a n-dimensional real vector space, and let j : E P its projective 
compactification . 



18 



Definition 2.3.1 We denote by Vb l E the presheaf on E sa ^+ defined as 
follows 

U i-» THom(C c/ , Vb E ) := T(P\ {j\C Ut Vb P )) 
forU eOp(E sa>R+ ). 

It follows from the definition that the sections of Vb E + (U) are tempered 
along the boundary of U and at infinity. As a consequence of the Lojasievicz's 
inequalities [10J, for U, V £ Op(E sa ^+) the sequence 

o - (uuv)^ (u) e vb% u+ (v) - vb En+ (u n v) - o 

is exact. Then Vb E is a sheaf on £ , sa R +, then it belongs to Mod R + (Cg sa ) . 
Moreover it extends uniquely to an exact functor on ModR_ Ci R+ (Cg), i.e. 
Hom(-,T>b E + ) is exact on Mod K _ C) iR+ (Ce). It follows from the definition 
that for any F G Mod ffi _ c R +(CE) 

Kom(F,Vb E + ) ~ THom(F, 

Denote by the Weyl algebra on E. Then + is a D(E sa )- 

module. Let us consider the relation with the conic sheaf Vb E of It 
is the conic sheaf on E associated to the presheaf U i— > THom(C;y, VbE), for 
{/ G Op S(J)R + (.E) . It follows immediately that Vb E ~ P 1 ^ > ^i; R+ - 

2.4 Laplace transform 

Let £ be a n-dimensional complex vector space, and let E be the complex 
conjugate of E. Let j : E ^ P denote the projective compactification of E. 

Definition 2.4.1 We define the sheaf O e+ £ D^ + (D(E sa )) of tempered 
holomorphic functions by the Dolbeaut complex 

(2.1) - Vb F m Vb F ^ n) -> 

or equivalently by the complex RHorn D ^ E ^(0(E sa ),Vb E + ). 

It follows from the definition that for any F G Mod K _ c K + (C^;) 

RHom(F, O e&+ ) ~ THom(F, O e ). 
Let denote the dual vector space. 
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Theorem 2.4.2 The Laplace transform induces an isomorphism of D{E sa )- 
modules Of [n] ~ 0%, . 

E R+ L 1 E R + 

Proof. It is enough to check the isomorphism RT(U; 0% [n]) ~ RT(U; O e , ) 

on a basis for the topology of E sa . Hence we may assume that U is M+- 
connected. By Proposition II .2.61 we may suppose that U is an open subana- 
lytic cone of E. We have the isomorphisms 

RT{U-Of K+ [n\) ~ RKom{C v , <D\ + [n\) 

~ RHom(C^^ E+ [n]) 

~ RHom(C£>],0^ + ) 

~ RHom(C[/, OL ) 

K+ 

where a denotes the antipodal map. The third isomorphism follows from 
Lemma 3.7.10 of jH] and the fourth one is given by the Laplace isomorphism 
of Theorem 5.2.1 of [Jj. Moreover this isomorphism is linear over the Weyl 
algebra D(E sa ). 

□ 

Let O e denote the conic sheaf RHom D ^ {0{E),Vb E ). Applying p~ l to 
the Dolbeaut complex (|2.1|) we obtain the complex 

which is quasi-isomorphic to O e . Then p O e ~ O e . 

Applying p~ l to the isomorphism of Theorem 12.4.21 we recover the result 
of0. ' 

Theorem 2.4.3 The Laplace transform induces an isomorphism D(E)-modules 
Of[n)^0 E ,. 
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A Appendix 



A.l Classical sheaves on conic topologies 

Let X be a locally compact space endowed with an action of R + satisfying 
the following hypothesis 



(A.l) 



(i) every point x € X has a fundamental neighborhood 
system consisting of Reconnected open subsets; 
k (ii) for any x G X the set R. + x is contractible. 



Denote by X K + the topological space X endowed with the conic topology, 
i.e. U € Op(A R +) if it is open for the topology of X and invariant by the 
action of R + . 



We will consider the full abelian subcategory Mod K +(/cx) of conic sheaves 
consisting of sheaves F such that for any orbit b of the action of M + , F\b is 
locally constant. One can show that Mod R +(fex) is thick, and the inclusion 
functor Mod^+(kx) Mod(kx) is exact. 

Let us consider the natural map rj : X — > and let F € Mod(A;x E+ )- 

Let ip be the natural map from r(M + £7 ; F) to T(U ; rj^F) defined by 

T(R+U;F) -> F(R+U; w^F) 
(A.2) ~ T(R+U; rj^F) 

-> r^r?- 1 ^) 

where R + U is the cone generated by U. 

Proposition A. 1.1 Let F be a sheaf over A R +. Let U be an open set of X 
and assume that U is R + -connected. Then the morphism <p defined by (|A.2|) 
is an isomorphism. 

Proof. We shall adapt the proof of Proposition 3.5.3 of (§]. 

Let s be a section of r(M + C7 ; F) such that s x = in (ri~ 1 F) x for all x G U. 
Then for such an x, there exists a conic open set W 3 x such that s y = 
for all y € W. This implies 99 injective. 

Let us consider a section s € r(?7 ; r]~ l F). It is defined by an open covering 
{Ui}i & i of ?7, such that U is Reconnected and s$ S r(E + ?7j;F) such that 
•Sx = Sj )X for any x G J7j. We have to show that, if x € M + t7j n M+JTj, 
then Si tX = Sj iX . Since the case x € n Uj) is obvious, we may assume 

Ui H Uj = and the intersection of R + U and is not empty. Let 
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Xi £ Ui fl R + x and Xj £ Uj n R+x, there exists a path a : [0, 1] -> U n R+x 
from to Xj. 

Set xt = a(i) with i € [0, 1], we consider the set 

A = {t £ [0, 1], for any k £ I such that Xt £ Uk, Si :X = Sk, x } 

since Sk is constant on R + x for any k £ I, it can also be defined as 

A = {t € [0, 1], there exists k £ I such that if Xt £ Uk, Si tX = Sk, x } 

A is open and closed, and £ A, then A = [0,1]. Therefore Sj = Sj on 
M+C/i fl R+Uj, and there is s £ T(R+U; F) such that s\ Vi = «i for all i G J. 
This implies ip surjective. 

□ 

Corollary A. 1.2 Let F £ Mod(A;x + )- Then r}*Tf~ x F ~ F, and the functor 
7]- 1 : Mod(k Xm+ ) -» Mod(fcx) is fully faithful. 

Proof. For any x G X E + we have: 

(r/^TT 1 ^ ~ lim7?*ry -1 -F(J7) ~ lim7? _1 .F(f7) ~ limF(U) ~ 

xet/ xeu xeu 

where U ranges through the family of open sets of X K + containing x, and 
the third isomorphisms follows from the preceding Proposition. 

□ 

Let us consider the category Mod^+(kx) of conic sheaves on X. The re- 
striction of ?7* induces a functor denoted by rj* and we obtain a diagram 



Mod R + (k x 



(A.3) 



Mod(k x ) 

Theorem A. 1.3 The functors rj* and r]^ 1 
tegories inverse to each others. 




Mod(/c 



x 



H+ - 



m 



(|A.3|) are equivalences of ca- 
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Proof. (i) Let F £ Mod K +(fcx). We have the chain of isomorphisms: 



F x ~ \imF(U) ~ limF(M + C/) ~ limr]'%F(R + U) ~ (t]'%F) x , 

xeU xEU xeU 

where C/ ranges through the family Reconnected open subsets of X. The 
second isomorphism follows from Corollary 3.7.3 of [^] and the third one 
follows from Proposition IA. 1 .11 This implies r/ -1 ^ ~ id. 
(ii) By Corollary I A . 1 . 21 we have rj*^ 1 ~ id. 

□ 
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